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ABSTRACT: This article presents a method to determine the trajectory of initiator
concentration that will produce polymer with desired number- and weight-average
molecular weights at a prespecified level of monomer conversion. The optimal control
theory is applied to the mathematical model for a batch methymethacrylate (MMA)
solution polymerization reactor system. By imposing the constraint that initiator con-
centration should decrease within the range of self-consumption by the initiation
reaction, one can obtain the initiator concentration trajectory that can be tracked by
feeding the initiator alone. A control scheme is constructed with a cascade proportional-
integral-derivative (PID) control algorithm for temperature control and a micropump is
installed to manipulate the initiator feed rate. The experimental results show satisfac-
tory tracking control performance despite the nonlinear features of the polymerization
reactor system. Also, the monomer conversion and the average molecular weights
measured are found to be in fairly good agreement with those of model prediction,
respectively. In conclusion, the polymer having desired molecular weight distribution
can be produced by operating the batch reactor with the initiator supplement policy
calculated from the model. © 2000 John Wiley & Sons, Inc. J Appl Polym Sci 78: 1256–1266,
2000

Key words: methylmethacrylate (MMA); initiator concentration trajectory; batch
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INTRODUCTION

The batch polymerization process is widely used
in industries for its availability and flexibility in
operation. The main objective in the batch poly-
merization process is to obtain the desired poly-
mer properties as well as to reduce the batch
reaction time. However, it is very difficult to
achieve both high monomer conversion and large
polymer molecular weight simultaneously by
merely increasing the amount of initiator concen-

tration for rapid polymerization because it would
result in a lower polymer molecular weight and
discoloration of polymer product due to the sub-
sequent decomposition of a large amount of initi-
ator residues. Similar problems are encountered
when the polymerization is driven to its full ex-
tent in a short reaction time by increasing the
reaction temperature.1 For this reason, it is de-
sirable to control the reactor temperature or the
feed rate of initiator so as to track a predeter-
mined trajectory that would yield high-quality
polymer.

In industrial practice, the recipe is usually de-
termined by trial and error experience. One of the
less common but potential approaches for deter-
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mining the recipe is to use polymerization models
along with optimal control methodologies. During
the past score of years there have been a consid-
erable amount of works on the optimal control of
batch polymerization reactors.2–10 The main ob-
jective of these works was to obtain a polymer
product with desired properties in a minimum
time. Most of the investigators have simplified
the model by introducing various assumptions
such as constant density of the reactor contents,
no chain transfer to monomer, and so on, because
application of the optimal control theory to the
mathematical model results in a great deal of
iterative calculation.

Several works have been reported in the liter-
ature particularly with respect to the optimiza-
tion of batch polymerization process using initia-
tor.6–10 Sacks et al.6 employed the maximum
principle to calculate the optimal initiator addi-
tion policy achieving a predetermined conversion
and number average degree of polymerization in
a free radical polymerization batch, isothermal
reactor. Their policy was, however, limited to the
case of maintaining a constant initiator concen-
tration in the reactor.

Thomas and Kiparissides7 applied the mini-
mum principle to a batch polymerization reactor
for poly(methylmethacrylate) (PMMA). By mini-
mizing the performance index composed of devi-
ations of conversion and zero and second mo-
ments of dead polymer concentration, they ob-
tained the optimal trajectory of initiator
concentration that would produce polymer having
desired average molecular weights set a priori.
However, they were not able to implement their
policy experimentally owing to the difficulty en-
countered in producing a decrease in the initiator
concentration as it is required.

The use of photoinitiation method was explored
by Louie and Soong8 because it may be difficult to
disperse added initiator uniformly into the react-
ing mixture due to the high viscosity encountered
at moderate and high conversions. Based on a
very simple model, Ponnuswamy et al.9 proposed
that for a given temperature the optimal initiator
concentration be constant during the polymeriza-
tion as in the work of Sacks et al.6 and further
that for a very slow initiator decomposition rate,
the optimal initiator policy be reduced to a single
optimal charge of initiator at the beginning of
polymerization.

It was reported by Hsu and Chen10 that the
piecewise initiator addition policy for minimizing
the total reaction time under a given set of final

monomer conversion and number average chain
length would be to charge an equal amount of the
initiator into the reactor at every equal time in-
terval. Experimental verification of their theoret-
ical findings revealed that there was a good agree-
ment between experimental and calculated final
conversion values, but there existed an apprecia-
ble deviation between experimental and calcu-
lated values of the number- and weight-average
chain lengths.

However, these studies have treated the poly-
merization processes at relatively low tempera-
ture and low monomer conversion with simplified
models. Although many experiments on the tem-
perature trajectory have been performed to vali-
date the temperature control policy,11–14 few ex-
periments have been undertaken for tracking the
trajectory of initiator concentration. This is be-
cause there is no adequate method to make the
initiator concentration decrease without any ef-
fect on living polymer concentration.

In a recent study, Elicabe and Meria15 pro-
posed a cascade model-reference adaptive algo-
rithm to control a continuous polymerization re-
actor, which is operated under forced oscillations
of its feeds. Also, conversion control in the pres-
ence of reactive impurities in continuous solution
methylmethacrylate polymerization reactor was
explored by Chien and Penlidis16 using initiator
flow rate as the manipulated variable. More re-
cently, Scali et al.17 simulated the regulation con-
trol of the product quality of free radical polymer-
ization of methylmethacrylate in a continuous
stirred tank reactor by using state estimators
(Extended Kalman Filters). These authors’ stud-
ies aimed not to implement the optimal policy
with a batch polymerization reactor but to regu-
late the product quality or to track periodic tra-
jectory in a continuous polymerization reactor.

In this work, we impose a constraint on the
variation of initiator concentration in such a way
that the initiator concentration should decrease
within the range of self-consumption by the initi-
ation reaction. The optimal control theory is then
applied to the batch MMA polymerization reactor
model with the proposed constraint to calculate
the optimal trajectory of initiator concentration
that would produce the polymer product with de-
sired number- and weight-average molecular
weights at a prespecified level of monomer con-
version. We also propose an initiator feeding
scheme that enables us to track the optimal tra-
jectory of initiator concentration. The ultimate
goal is to demonstrate experimentally that the
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optimal initiator supplement policy so deter-
mined really yields polymer product having de-
sired properties set a priori.

POLYMERIZATION REACTOR MODEL

The polymerization system considered here is a
batch solution polymerization of methylmethac-
rylate (MMA) using benzoylperoxide (BPO) as the
initiator and ethylacetate (EA) as the solvent. The
kinetic mechanism is the free radical polymeriza-
tion including chain transfer reactions to mono-
mer and solvent. One can derive the following
mass balance equations to describe the dynamic
behavior of the polymerization reactor (see Ahn et
al.13):

1
V

d~IV!

dt 5 2kdI (1)

1
V

d~MV!

dt 5 22fkdI 2 kpMG0 2 ktrmMG0 (2)

1
V

d~SV!

dt 5 2ktrsSG0 (3)

1
V

d~G0V!

dt 5 2fkdI 2 ktG0
2 (4)

1
V

d~G1V!

dt 5 2fkdI 1 kpMG0 2 ktG0G1

1 ~ktrmM 1 ktrsS!~G0 2 G1! (5)

1
V

d~G2V!

dt 5 2fkdI 1 kpM~G0 1 2G1! 2 ktG0G2

1 ~ktrmM 1 ktrsS!~G0 2 G2! (6)

1
V

d~F0V!

dt 5
1
2 ~kt 1 ktd!G0

2 1 ~ktrmM 1 ktrsS!G0

(7)

1
V

d~F1V!

dt 5 ktG0G1 1 ~ktrmM 1 ktrsS!G1 (8)

1
V

d~F2V!

dt 5 ktc~G0G2 1 G1
2! 1 ktdG0G2

1 ~ktrmM 1 ktrsS!G2 (9)

Here I, M, and S represent the concentrations of
initiator, monomer, and solvent, respectively.
Also, Gk and Fk denote the k-th moments of living

and dead polymer concentrations, respectively,
and are defined as follows:

Gk 5 O
n51

`

nkRn~t!, k 5 0, 1, 2 (10)

Fk 5 O
n51

`

nkPn~t!, k 5 0, 1, 2 (11)

Once the Gk and Fk are known, the number
average molecular weight (Mn), the weight aver-
age molecular weight (Mw), and the polydisper-
sity (PD) can be determined by the following for-
mulae:

Mn 5 Mm 3
~G1 1 F1!

~G0 1 F0!
(12)

Mw 5 Mm 3
~G2 1 F2!

~G1 1 F1!
(13)

PD 5
Mw
Mn (14)

As the monomer is converted to the polymer,
the density of the reaction mixture increases and
thus the volume V of the reactor contents shrinks
as the reaction proceeds. Rearranging the total
mass balance equation, one can obtain the follow-
ing equations that can be used to calculate the
change in the volume of the reaction mixture, i.e.,

dVp

dt 5 2
1
rp

FMm

d~MV!

dt 1 Ms

d~SV!

dt G (15)

V 5 ~MV!
Mm

rm
1 ~SV!

Ms

rs
1 Vp (16)

Gel effect is taken into account by the correla-
tions proposed by Schmidt and Ray18 and the
detailed correlations can be found in Ahn et al.13

The kinetic parameters are taken from the liter-
ature (see, for example, Ahn et al.13) and listed in
Table I. The physical properties are also taken
from the literature.11–13

OPTIMAL CONTROL

The process model may be represented by the
following state equations with totally specified
initial conditions:
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dx
dt 5 f~x, u, t!, x~t0! 5 x0 (17)

where u(t) is the vector of control input corre-
sponding to the initiator concentration and x(t) is
the vector of internal states which consists of nine
components as given by

x 5 @M, S, G0, G1, G2, F0, F1, F2, V# (18)

The problem is to find a control input u*(t), t0
# t # tf, in such a way that a properly defined
performance index J(tf) is minimized. In the poly-
mer production the physical and mechanical
properties of the final product are normally re-
lated to the shape of the molecular weight distri-
bution (MWD) whereas the amount of product
obtained is determined by the monomer conver-
sion X. Hence, it would be appropriate to define
the performance index J(tf) as follows:

J~tf! 5 r1FMn~tf!

Mnd
2 1G 2

1 r2FMw~tf!

Mwd
2 1G 2

1 r3FX~tf!

Xd
2 1G 2

(19)

where ri denotes the weighting factor and the
subscript d represents the desired value at the
final time tf.

We apply the Pontryagin’s minimum principle
to eqs. (17)–(19) and solve the resulting two point
boundary value (TPBV) problem with initial val-
ues for the state equations and the final values for
the costate equations. Thereupon we can obtain
the solution to the optimal control problem.16

Hard nonlinearity of the polymerization sys-
tem renders an analytic solution for the TPBV
problem difficult. For this reason, the discrete
control method (DCM) is used, where the total
reaction time is divided into n equal subintervals

and the control variables remain constant in each
interval. It is to be noted that depending on the
choice of initial trajectory and final time tf, opti-
mal control may not exist and even if it exists, it
may not be unique.4,13

The trajectories for various desired sets (Xd,
Mnd, Mwd) are calculated at constant tempera-
ture of 70°C as shown in Figure 1. Corresponding
to a certain desired set the minimum reaction
time is found by solving the same problem repeat-
edly for different final times and selecting the
smallest time for which convergence is guaran-
teed within a satisfied tolerance range.

In Figure 1a the trajectories of initiator con-
centration are shown for various desired mono-
mer conversions. The number- and weight-aver-
age molecular weights are set to be 80 000 and
136 000, respectively, at final time tf. One may
notice that the minimum reaction time becomes
longer and the initiator concentration in the lat-
ter part of the reaction course becomes higher as
the desired value of monomer conversion in-
creases. Figure 1b shows the trajectories for var-
ious desired number average molecular weights.
It is observed that as the desired value of number

Table I Reaction Rate Constants Used in the
Model for MMA Polymerization

Rate Constants Expression

kd[s21] 1.25 3 1018 exp(235473/RT)
kp0 [l/(mol s)] 2.94 3 106 exp(25656/RT)
kt0 [1/(mol s)] 5.20 3 108 exp(21394/RT)
ktd0/kt0 1.83 3 1027 exp(244467/RT)
ktrm [1/(mol s)] 9.32 3 104 exp(213971/RT)
ktrs [1/(mol s)] 8.79 3 1025 exp(242.6/RT)

Figure 1 Optimal trajectories of initiator concentra-
tion for various sets of desired values; (a) Mnd

5 80 000, Mwd 5 136 000; (b) Xd 5 0.7, PDd 5 1.7;
(c) Xd 5 0.7, Mnd 5 80 000.
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average molecular weight increases, the trajec-
tory consistently maintains lower initiator con-
centration and the minimum reaction time be-
comes longer. When the desired monomer conver-
sion and the desired number average molecular
weight are fixed at Xd 5 0.7 and Mnd 5 80 000,
respectively, initiator concentration trajectories
for various desired weight-average molecular
weights are shown in Figure 1c. As the desired
polydispersity increases, the trajectory tends to
take more curved form.

In fact, one may try to produce a polymer hav-
ing predetermined properties by controlling the
initial charge of initiator. However, it is difficult
to produce a polymer with desired number- and
weight-average molecular weights at a prespeci-
fied level of monomer conversion by only changing
the initial charge of initiator. Therefore, in order
to obtain a polymer with desired properties, one
needs to calculate the trajectory of initiator con-
centration that would yield polymer product with
desired properties.

If a constant initiator concentration of 0.037 is
set in Figure 1b, a polymer of number-average
molecular weight 60 000 can be obtained after
130 min. However, the weight-average molecular
weight and the monomer conversion of the final
product turn out to be 99 587 and 0.777, respec-
tively, whereas the desired weight-average molec-
ular weight and the desired monomer conversion
are 102 000 and 0.7, respectively. Therefore, it
becomes evident that a polymer having the de-
sired monomer conversion, the number-average
molecular weight, and the weight-average molec-
ular weight cannot be obtained by only keeping
the initiator concentration constant.

IMPLEMENTATION

Optimal Trajectory of Initiator Concentration with
Constraint

The purpose here is to obtain polymer product
with the desired MWD by tracking a given trajec-
tory of initiator concentration. Because the initi-
ator concentration cannot be measured on-line,
the given trajectory of initiator concentration
must be tracked in an open loop manner. In the
process of tracking the initiator concentration tra-
jectory, one can feed the initiator dissolved in
solvent for the part of increasing concentration
but cannot take an appropriate control action for
the part of decreasing concentration. The reason

is that it is practically impossible to decrease
exclusively the initiator concentration without
decreasing the concentrations of free radicals.
Therefore, we impose the constraint that the ini-
tiator concentration should decrease within the
range of self-consumption by the initiation reac-
tion. In this way, we need not remove the initiator
when tracking the descending part of trajectory.

The scheme of this constraint is depicted in
Figure 2. Because the trajectory of initiator con-
centration is calculated by using the DCM, the
initiator concentration remains constant during a
certain time interval (e.g., 1 min). In Figure 2,
I(tk21) and I(tk) represent the constant values of
initiator concentration during their respective
time intervals. Because the costate equation with
final conditions develops backward, I(tk21) is cal-
culated after I(tk) is determined. The problem
comes into existence when the increased amount
from I(tk) to I(tk21) exceeds the allowable limit,
that can be tracked by feeding initiator alone, as
illustrated in Figure 2a. Here it is assumed that

Figure 2 Constraint imposed on the scheme of calcu-
lating I(tk) that can be tracked by initiator feeding
alone. (a) Constraint is not imposed. (b) Constraint is
imposed.
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in each time interval, the volumes, V(tk21) and
V(tk), remain constant and I( z )V( z ) represents
the average value of the amount of initiator.

In the polymerization process, the initiator
concentration decreases nearly exponentially
during each time interval according to eq. (1). One
may assume that I( z )V( z ) is the same as the
arithmetic mean of the initial and final amounts
of initiator in each time interval. As a result, one
can determine the initial amount of initiator in
each time interval from the given trajectory of
initiator concentration. Then, the self-consump-
tion of initiator in the neighborhood of time tk can
be expressed as the sum of one half of the de-
creased amount in the interval (tk21, tk) and that
in the interval (tk, tk21). In Figure 2, (A) and (B)
represent the former and the latter, respectively,
and (C) corresponds to the increased amount from
I(tk)V(tk) to I(tk21)V(tk21). If (C) is larger than
(A) 1 (B) as in Figure 2a, the constraint reduces
I(tk21) until (C) becomes equal to (A) 1 (B) as
shown in Figure 2b. Consequently, one can ex-
press the constraint by eqs. (20) and (21), where
eq. (20) corresponds to Figure 2a. By equalizing
the two sides of eq. (20), we obtain I(tk21) satis-
fying the constraint as given by eq. (21).

@I~tk21!V~tk21! 2 I~tk!V~tk!# . 0.5$I~tk21!V~tk21!

3 @1 2 exp~2kd 3 60~sec!!# 1 I~tk!V~tk!

3 @1 2 exp~2kd 3 60~sec!!#% (20)

I~tk21! 5
1.5 2 0.5 3 exp~2kd 3 60~sec!!

0.5 1 0.5 3 exp~2kd 3 60~sec!!

3 I~tk! 3
V~tk!

V~tk21!
(21)

Figure 3 shows the effect of applying the con-
straint. As a result of applying the constraint, the
rate of decrease in the descending part of trajec-
tory becomes smaller and the reaction time be-
comes longer in comparison to those without con-
straint. With the application of constraint one can
implement the tracking control by feeding the
initiator dissolved in solvent alone.

Initiator Feeding Scheme for Tracking the
Trajectory of Initiator Concentration with
Constraint

In order to implement the trajectory of initiator
concentration one must keep the initiator concen-
tration constant during a short time interval, but

it is not an easy matter because of the continuous
consumption of initiator. We therefore propose as
an alternative that the constant value of the
amount of initiator I( z )V( z ) in a short time
interval be equal to the average value of the
amount of initiator during that short time inter-
val.

According to this scheme, the amount of initi-
ator FI to be fed at the beginning of each time
interval can be calculated from the trajectory of
initiator concentration and state variables as il-
lustrated in Figure 4. Figure 4a corresponds to
the case of ascending part of the trajectory. The
amount FI(tk) of initiator charged at the begin-
ning of the k-th time interval (tk, tk11) is calcu-
lated from I(tk) and I(tk21) as

FI~tk! 5 I~tk!V~tk! 2 I~tk21!V~tk21!

1 0.5$I~tk21!V~tk21! 3 @1 2 exp~2kd 3 60~sec!!#

1 I~tk!V~tk! 3 @1 2 exp~2kd 3 60~sec!!#% (22)

Figure 4b corresponds to the case of descending
part of the trajectory and FI(tk) can be calculated
similarly as in the case of Figure 4a. Whereas
Figure 4b shows the case in which the constraint
is not imposed, Figure 4c represents the case in

Figure 3 Comparison between the trajectories of ini-
tiator concentration with and without constraint (Xd

5 0.7, Mnd 5 80 000, Mwd 5 136 000).
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which the constraint is imposed, where A and B in
Figure 4b coincide with each other, and FI(tk)
becomes zero.

In actual experiment, the initiator dissolved in
solvent is fed into the reactor by using a mi-
cropump. Here the volume of solvent added is
assumed negligible compared to the total volume
of the reaction mixture. Once the trajectory of
FI(tk) is given, the direct digital controller
equipped with FIX-DMACS converts FI(tk) to the
period during which the micropump works from
the beginning of every interval. The flow rate and
the concentration of the initiator dissolved in sol-
vent are kept constant over the time interval.
Figure 5 depicts the mode of intermittent opera-
tion of pump. Here Fs denotes the amount of

initiator charged per second. The pump works
only during the period ‘On’ of each interval. The
duration of the period ‘On’ of each interval is
determined in proportion to the value FI(tk).

Experimental

Figure 6 depicts the schematic diagram of the
batch MMA polymerization reactor system
equipped with initiator feeding device. The reac-
tor has a volume of 2l. The jacket inlet tempera-
ture is manipulated by changing the ratio of flow-
rates of hot and cold water supplied to the jacket
by split-range control with cascade proportional-
integral-derivative (PID) control algorithm. A
stirrer with 2-blade 45° pitched-turbine is in-
stalled for mixing reactants and the agitation
speed is maintained at 300 rpm by an inverter.
An IBM 486 personal computer and program-
mable logic controller (PLC) (TI505) are used for
data acquisition and control of the polymerization
reactor system.

The monomer, MMA, is treated using 0.1M
NaOH solution to remove the inhibitor and dis-
solved in the solvent, EA. The initiator, benzoylp-
eroxide (BPO), is dissolved in chloroform and re-
crystallized in methanol to remove impurities and
moisture. The initial charges of monomer, solvent
and initiator are set at 0.8l, 0.8l, and 8.0g, re-
spectively. The samples are taken out of the re-
actor at every 15 min and quenched with cold
methanol.

The monomer conversion is determined by the
gravimetric method, while the average molecular
weights are measured by gel permeation chroma-

Figure 4 Amount of initiator to be fed (FI) at the
beginning of each time interval of 1 min.

Figure 5 Schematic diagram of the initiator feeding
scheme.
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tography (Waters GPC). The PMMA standards
with narrow molecular weight distribution are
used for the calibration of molecular weights vs.
retention time of column set. The detailed exper-
imental procedures are described elsewhere.12

RESULTS AND DISCUSSION

Here the constraint on the variation of initiator
concentration is imposed and we obtain the tra-
jectories of initiator concentration for two differ-
ent cases that are specified in Table II, respec-
tively. The trajectories (1) and (2) are presented
in Figures 7a and 9a, respectively. In both cases,
the reaction time becomes about 3 min longer and
the slope of descending part becomes smaller in
comparison to those without constraint.

To establish the validity of the initiator supple-
ment policy proposed in this work, the time vari-
ation of the initiator concentration are calculated
by applying this policy to the model and the result
is compared with those of the original trajectory

with constraint in Figure 7a and Figure 9a. Here
the solid curve represents the trajectory of initi-
ator concentration calculated by using the opti-
mal control theory, whereas the dash-dotted
curve indicates the variation of initiator concen-
tration obtained by simulating the proposed con-
trol scheme. The open circle represents the
amount of initiator FI(tk) to be fed from the be-
ginning of every interval of 1 min to realize the
proposed control scheme. It is noticed that the
initiator concentration obtained by using the ini-
tiator supplement policy is consistently lower

Figure 6 Schematic diagram of the polymerization
reactor system equipped with the initiator feeding de-
vice.

Table II Target Values and Batch Time for
Two Different Cases

Trajectory Xd Mnd Mwd PDd

Batch
Time
(tf)

Case (1) 0.7 80 000 136 000 1.7 170 min
Case (2) 0.7 100 000 170 000 1.7 228 min

Figure 7 The results of tracking control for the Case
(1) of Table II. (a) The optimal trajectory of initiator
concentration calculated by the model (solid curve), the
time profile of initiator concentration obtained by ap-
plying the initiator feeding scheme of this work (dash-
dotted curve), and the variation in the amount of initi-
ator to be fed (open circle). (b) The time profiles of the
reactor temperature and the time interval ‘On’ for the
initiator feed pump required to track the optimal tra-
jectory.
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than that of the original trajectory. This may be
attributed to the fact that, instead of feeding the
amount of initiator instantly at the beginning of
each interval, the present policy makes the initi-
ator fed continuously over the period ‘On’ of the
interval as depicted in Figure 5.

Figure 7b shows the time variations of the re-
actor temperature and the time interval ‘On’ reg-
ulated by the micro pump to track the optimal
trajectory. One may note that the cascade PID
controller with fixed tuning keeps the reactor
temperature at the setpoint (70°C) and the oper-
ating time of initiator feeding pump is nearly
proportional to the amount FI(tk) of initiator to be
supplied. It is clearly seen that there is no need to
supply additional initiator during the descending
part of the trajectory.

The variation of monomer conversion is pre-
sented in Figure 8a. The solid curve, which re-
sults from the optimal trajectory of initiator con-
centration, coincides almost completely with the
dash-dotted curve obtained by simulation with
the initiator feeding scheme proposed in this
work. The experimental data marked by the solid
circles register more or less lower values than the
two trajectories especially in the latter part of the
reaction course. This discrepancy may be ascribed

to the imperfect mixing of initiator in the reaction
mixture due to the effect of significantly increased
viscosity. Another factor of this discrepancy may
be the presence of a small amount of impurities in
the reactor system that slows down the polymer-
ization somewhat and increases the average mo-
lecular weights.

It is also shown in Figure 8b that the average
molecular weights determined from the trajectory
(solid curve) and by simulation with the initiator
feeding scheme of this study (dash-dotted curve)
overlap with each other. Here again, the experi-
mental result marks higher values although both
the number- and weight-average molecular
weights reach their respective target values at
the final time.

Figures 9 and 10 present the simulation and
experimental results for the case of trajectory (2).
Here the optimal trajectory of initiator concentra-
tion takes a more curved form and gives a longer
reaction time because the desired average molec-
ular weights are larger than in the previous case.
The overall feature is found almost the same as in

Figure 9 The results of tracking control for the Case
(2) of Table II. (a) The optimal trajectory of initiator
concentration calculated by the model (solid curve), the
time profile of initiator concentration obtained by ap-
plying the initiator feeding scheme of this work (dash-
dotted curve), and the variation in the amount of initi-
ator to be fed (open circle). (b) The time profiles of the
reactor temperature and the time interval ‘On’ for the
initiator feed pump required to track the optimal tra-
jectory.

Figure 8 The time profiles of monomer conversion
and average molecular weights obtained by simulation
(dash-dotted curve) and by experiment (filled keys) for
tracking control for the Case (1) of Table II.
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Figures 7 and 8 with less discrepancy between the
measured values and the simulation results.

These two examples clearly illustrate that the
initiator feeding scheme proposed in this study
can be applied effectively to produce polymer hav-
ing desired average molecular weights by track-
ing control of the initiator concentration.

Although the computational scheme employed
in this work requires substantial amount of com-
putational work, implementation of trajectory
tracking is fairly straightforward as demon-
strated in this study. Therefore, if one has a good
mathematical model that can describe the actual
system adequately, the present approach cer-
tainly has a merit. In many cases, however, the
physical properties of the polymer product may
substantially differ from the desired values be-
cause of the model uncertainty and unknown dis-
turbances. It is then necessary to develop an on-
line optimization strategy that can update the
trajectory efficiently using the measured states.

CONCLUSION

A detailed mathematical model for the batch
MMA polymerization reactor system is developed,
which takes into account the volume change of

the reactor contents and relaxes the pseudo
steady state assumption for the moments of living
polymer concentration.

With this model one can determine the optimal
trajectory of initiator concentration required to pro-
duce polymer with desired number- and weight-
average molecular weights at a prespecified conver-
sion by applying the optimal control theory. To im-
plement the optimal trajectory in practice an
additional constraint has to be imposed on the vari-
ation of initiator concentration because the initiator
concentration cannot be made to decrease faster
than the rate of consumption by initiation reaction
during the course of polymerization. Thus it is sug-
gested to allow the trajectory to descend only at the
rate of initiator consumption by initiation reaction if
it is required to descend. This scheme is first vali-
dated by simulation study.

Tracking experiments are conducted on a wholly
automated experimental reactor system with the
initiator feed rate manipulated by using a mi-
cropump. The experimental results demonstrate
that the tracking control performance is quite sat-
isfactory despite the nonlinear features of the poly-
merization reactor system. Experimental values of
the monomer conversion and average molecular
weights of the final product are found to be in good
agreement with their respective target values.

It is clearly illustrated that the polymer having
desired average molecular weights can be produced
by operating the batch reactor with the optimal
initiator policy calculated from the model. The off-
line approach proposed in this study could provide
realistic recipes for industrial reactors and lay the
groundwork for on-line adjustment of the trajectory.
If a suitable on-line parameter estimation tech-
nique is combined with the initiator feeding scheme
proposed in this work, the performance of the mo-
lecular weight distribution control will be remark-
ably improved under the model uncertainty and
unknown disturbances. We expect that the experi-
mental procedure and its realization by digital com-
puter in this work may provide the basis for the
advanced control of polymerization reactors.

This work was supported by the Korea Science and
Engineering Foundation (KOSEF) through the Auto-
mation Research Center at POSTECH.

NOMENCLATURE

FI the amount of initiator feeding[mol]
FS the amount of initiator charged per second-

[mol/sec]

Figure 10 The time profiles of monomer conversion
and average molecular weights obtained by simulation
(dash-dotted curve) and by experiment (filled keys) for
tracking control for the Case (2) of Table II.
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f initiator efficiency [-]
Gk k-th moment of living polymer concentra-

tion (k 5 0, 1, 2) [mol/l]
I initiator concentration [mol/l]
J performance index [-]
k reaction rate constant [s21] or [l/(mol z s)]
M monomer concentration[mol/l]
Mm molecular weight of monomer [g/mol]
Mn number average molecular weight [g/mol]
Ms molecular weight of solvent [g/mol]
Mw weight average molecular weight [g/mol]
PD polydispersity [-]
Pn dead polymer of chain length n [mol/l]
tf final time [sec]
u control input (initiator concentration tra-

jectory) [mol/l]
V volume of reaction mixture [l]
Vp volume of polymer [l]
X conversion of monomer [-]
x state vector [-]

Greek Letters

r weighting factor in eq. (19) or density [-] or
[g/l]

Subscripts

d initiator decomposition or desired value
m monomer
p propagation reaction
t termination
tc termination by combination
td termination by disproportionation
trm chain transfer to monomer
trs chain transfer to solvent
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